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Jerzy Swigtek
Systems Modelling and Analysis

Choose youyself and new technotlogies

L.3. Typical mathematical models



r Master programmes in English
Wroctaw University of Technology e

at Wroctaw University of Technology

Complex systems description

raw acetylsalicylic

benzene 1st stage of acid — 1st batch | aspirin

solution |crystallisation| mother drying

— | and filtration [— liquid

raw acetylsalicylic
dissolution, acid - 2nd batch
2nd stage of _ _
benzene »| crystallisation acetic acid, benzene, >

and filtration pollutants

Complex system of chemical nature
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(1) (2)
(1) (1) Yi U; (2) (1)
X U, q Ol _: 03 Y3 V >
yl(2) u gZ) v N
u yi
x(2) O v
g — >
U; Y

Example of complex system
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Typical description (1)

Static Characteristic

y=F(u,q,2)

y“ l y4

y:F(U’q’Z); Z=127, — F(u,q,z) -

where:

U —input, ul U

Y —output, yl Y

Z —noise, zl Z

g — parameter, gl Q

1 /A

v
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Typical description (2)
State Variable

Continuous case:

ex(t) o State equations: Initial conditions:
State vector: x(t)= E (zl(t)ﬁ dx(t) F(x(t).u(t)), x(t,)
& () () G(x(t).u(t)

Linear case:
% - Ax(t)+ Bult)
y(t)=Cx(t)
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Typical description (3)
State Variable

Example: General form of state equations: "
N e_g)
| dx(t) - Axt)+ Bu(t) co 0f  e=gl
A=¢é 1 U é0y
x9(t) I e eR Ry
I—— () Cx(t) 6C, GC,H c=[o 1
State equations for given example:
y(t) = x) (t) — 1
@) _ 5x()(t)+iu(t)
dt C, C,
where: dx?(t) _ R o4y R
C,,C, — area of the tanks dt —sz (t)- C_ZX (t)
R.,R, —flow resistance y(t) = x(z)(t)
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Typical description (4)
Differential Equation

Differential equation:

S m m-1 v-1 0
F%j Y(t),d 5)2 ,dY(t), () (t)’d ggt),z ,du(t),u(t)gzo Initial conditions
c dt™ dt™ dt’ = dt dt e

Linear differential equation:

dmy(t), . d™y(Y) ay(t)

S A g t2 ra— Lt ay(l)= Ly
d u() d"'ut) du(t)

h/ bvl v- +2 +bl dt +b0u(t) initial conditions
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Typical description (5)

Differential Equation

Linear differential equation for given example:

d’y(t) &R, . R @dylt), RR, «\_ R
dt? +§S+§§ a G, y(t)_c2 u(t)

where:
C,,C, —area of the tanks
R,R, —flow capacity
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Typical description (6)

Transfer Function

Transfer function: K(S) = J(S)

Continuous case

T

() h,S +h, 42 +blS+b
s"+a,,S" 42 +as+a,’

m2 n

NP

ed™ d™*y(t a e d"ult d”ult %
L g, g o Moo § il Mg oy 0.
u e u

zeros initial conditions

Y(5)s" +a,. " +2 +as+ay)=U(s)bs' +h,.s" +2 +hs+hy)
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Typical description (7)
Transfer Function

0 SR

R

=
s’ + +
X,

N o

Example:

(e e |

Transfer function:

RiRz

1 2

O \;0
|- CBO:

2.0

k
C s+1) (T,s+1)(T,s+1)

/_\N

where: k= S gain,

C .
T,=—2,T,=—2 —time constants

R
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Typical description (8)
Impulse response

Impulse response

Transfer function:

Y(s) u(t)=dft)

K(s

~—
I

U (S) ng '

where:

U(s)=L [dft)] =1

and: dlt) is impulse function.

Impulse response:  k(t)=L Y[K(s)] impulse function
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Typical description (9)
Step Response

Step response

Transfer function: (s) u(t)=1(t)

where:
U(9)=L )=

and: 1(t) is step function.

] ‘K(S)g
Step response: h(t) =L 1§~\>/%
p resp (t) e b

step function
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Typical description (10)

Transfer Function

Transfer function:

¢
R K
K(s)=+ Ry =
(8 (& s+1f&s+1) (Ts+1)(T,s+1)
dddddd = where: k=2 ain
N + TR, 8
T, = &st & time constants

R
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Typical description (11)
Impulse Response

Example (continued):
Impulse response:

~

_, 1€ K g_a 1 YT, YT
i = Z \_k— 1_ 2 t
R e (el e A LT
k(t) -
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Typical description (12)
Step Response

Example (continued):
Step response:

C Kk 19 . & T. T )
ht =L-1e _\=k . 1 -t/Ty 2 -t/T, t T T
Ot ey @ Tr e e T T
h(t) |
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Typical description (13)
State Variable

Discrete case:
State equations:

=
~

ext g
€. (2)U Xpua = F (%, U,)
State vector: X, —g 21 3 =G(x,,u,)
ok
Examples: .
X, =(x, +u ) mod2 X =% 3 O+,
Yo =%, =%
) ) - where:
x,1 {01}, u, i {01} bank account @ - interest rate

http://www.freeclipartisland.com/ http://www.freeclipartisland.com/

EUROPEAN
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Typical description (14)

Difference Equation
Difference equation:
|:(yn+m1yn+m-112 ’yn;un+v’un+v-1’2 ’un):O
Linear difference equation:
yn+m_I-‘Elm-lynﬂn-l_I_2 +aoyn :h/un+v+b/-1un+v-1+2 +b0un

Examples: = d2
p yn+1 (yn +UN) mo yn+1 = (1+a)yn +un

y,I {03, u,i {03} bank account

http://www.freeclipartisland.com/ http://www.freeclipartisland.com/
EUROPEAN
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Typical description (15)

Transfer Function

Discrete case: K(z) :%
K(Z):bvzv+bv_lzv'1+2 +bz+h, ey

2" +a,, 2" +2 +az+a,
Z [yn+m+am—1yn+m-1+3 +aiyn-1+aoyn] :Z [bnun+v+bn-1un+n-1+3 +b1un-1+a0un]
Y(2)2" +a, .27 +2 +az+a,)=U(2)0z +h, 2 +2 +hz+hy)

Example:
1

(z- (1+a)) bank account

http://www.freeclipartisland.com/
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Typical description (16)
Impulse Response

Impulse response
Transfer function: v(2)

K(2) WG
Y(2)=K (2 (2) L

where: n
U(z)=2 [a,]=1

C

—~
v

and: d, is Kronecker delta.

Impulse response: k, =2 “K(2)] impulse function
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Typical description (17)
Step Response

Step response

Transfer function: : )—M u =1
u(2)
m>v 0000000
where: N

0=z [1]=- -

and: 1, is discrete step function. discrete step function

1
Step response: Z 182 K
p resp h=2 "¢ = (z )H
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Typical plant models
Relation between descriptions

Example: d;ilz(t) +3 d;/(tt) +2y(t) = d;—?) +2ult) % +y(t)=ult)

STATE VARIABLE X/\ ‘/\\/<
\/ . K(S):S—-]I:l P

DIFFERENTIAL/DIFFERENCE EQUATION

i

TRANSFER FUNCTION
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Typical plant models
Relation between descriptions

Example:

)3 4200 = 20,200, y(0)=yil0)=u(0)=0
Laplace transform:

Falsnanfe ang

Transfer function:
K( ): S+2 _ S+2 _ 1
°+3s+2 (s+2)(s+1) s+1
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Typical plant models
Relation between descriptions

Example (continued):

Laplace transform:

Transfer function: 1
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(1) (2)
(1) (1) Yi U; (2) (1)
X U, q Ol _: 03 Y3 V >
yl(2) u gZ) v N
u yi
x(2) O v
g — >
U; Y

Example of complex system
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Complex systems description

Complex input output system witl elementary subsystents,, O,, ...,0,, .

Ym = Fm(Um)
Characteristic of then-th subsysteminput u,, and outputy,,, Fnis aknown function.
euy o ey o
ey ey
u =" Yy iR y=¢"Uy R m=1, 2., ¢

¢ 4 d ¢ 4 U
e u e u
2 (Sh) 3 2 (L) S

g gy

where S, andL,, are dimensions of the input and output spaces

EUROPEAN
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Complex systems description

Letu, y, denote vectors of all inputsid outputs in the complex plant:

ae eu s &yWe eyo  exle
€ (nUu.é U e U e u € (u
p=@ulehy e uleven, e
e4u é40 equ équ €gu
e gy € U cwy g u €@
e’y ému ey 'u éymua &g
M
where vector of all complex systénputs ul U =U,3U,333U, I R>S=3S,,
m=1
) - N
vector of all complex systesutputs ~ yi Y =Y, 3Y,333Y,I R L=3L,,
m=1

andxis S dimensional external input vectord X 1 U T R S.
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Complex systems description

The structure of the system is given by the relation:

u=Ay+ BXx,

where Ais S® L andBis S® S zeroi one matrix.
The matrixA defines the connections between system elements

B _\el |f u(s) — y(l)
A_[asl] s=1,2,2,5' 91 = I'O if u(s) , y(|) ’

1=1,2,2 L |
and matrixB shows the external inputs, i.e.:

el if u®=x6
0 if u® xB°

B:[bsé']

s=122 S S
$=122 .S

HUMAN CAPITAL [ e
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Complex systems description

év(l)g
e (2)u
External complex system outputsv = e o
¢ 40
e (~\u
ol
L dimensional vectov, distinguistedall outputs defined by 3 L matrix C,
v=Cy,
where
r=122.00 G0 }O if V(r), y(l)'
1=1,2,2 ,L

The external output weor: vi V. ={v:" yi Y, v=Cy}i R
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(1) (2)
(1) (1) Yi U; (2) (1)
X U, q Ol _: 03 Y3 V >
yl(2) u gZ) v N
u yi
x(2) O v
g — >
U; Y

Example of complex system
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Complex systems description

u=Ay+ Bx

&u’g @O 0 0 0 0ye &l Og
Gy H 10 0 oy D o,
D U= & E - <EX
qJéZ)l:I:@ 000 Ol\Jngl)u+g) 1l\Jé (2)01
A 00 O OL\'@(Z)lﬁl e OlJéX
et u ?1 l\J@yz u é) U
4 & 0 10 Oy & of
v:Cy

&g & 0 0 0 1gey§2>u

&?4=% 0 1 0 o“ug Oh)

g«“)g g) 001 OHey(Z)‘

(1)U
ey
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Complex systems description

éyl ﬂ e F(uy) g
€ Fa(u,) Do

Y2
Let us denoté b —e’2u U=F(u
et Us teno yye4ue 4 0 (W)

& U é
&Ym U éFm (Um)u

y=F(Ay+BXY y=F *(x AB).
By solving this with respectoy we obtain y=F *(x; A B)

v=CF '(x AB)=F(X).
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Complex systems description

Example 3.Descriptionof them1 th element has the form:
Yo =X U, Mm=12,2 M ,where: X, is L3 S, marices of parameters i.e.:

m-m?

Xm — |_qr(r|1$)]

1=1,2,2 L, *
s=1,2,2 .S,

Now, the relations:

ey, @ €X1 O 3 @) geu, g é,X1 O 3 O g
e. u e ue  u e u
e4u e4 4 6 4 ue 4 u e4 4 6 4 U
e u e ué u e u
eyvu 0 O 3 Xypdud g0 O 3 Xy
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Complex systems description

y=Xu=X(Ay+Bu)Y y=(I- XA) 'Bx.
Taking into account system structure and measurement possibhigieescriptiorof the
whole systennas the form:

v=C(l - X AJ ' XBXx,

under condition tha(l - XA) is nonsingular matm. Noticethat complexsystem compost
by linear elements gives linear system

where:
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Description of complex of
operations
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Description of complex of
operations

0O,0,,2 ,Q,, —elementary static operations

For m-th operation description is given:
T,=F.(U,a,) m=122 .M,

where T_2 0 m-th operation completion time,

r

U, — S,-dimensional vector of m-th operation’s inputs: U, | u. .l R™
a, — I -dimensional vector of parameters: al AITR™,

: . +
F. —known function: F U 3 A - R".

HUMAN CAPITAL [ e
i HUMAN — BEST INVESTMENT! w Wroclaw University of Technology o daiacd
Project co-financed from the EU European Social F

-financed from the EU European Social Fund



@ Master programmes in English
Wroctaw University of Technology e

at Wroctaw University of Technology

Description of complex of
operations

Coordinates of the vector U, stand for amount of resources or size of task
for M-th operation.

Resources

F.. —is nonincreasing function with respect to all of the vector U coordinates
For each @, we have:

Fr(Oman) =12
Tasks

F.. —is nondecreasing function with respect to all of the vector U_, coordinates

For each a_, we have: Fm(Om, am) 0.

EUROPEAN
Wroclaw University of Technology N
s A B | B e
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Description of complex of
operations

Structureof the systemis described by the following graph:

GE{122 ,M}3{1,22 ,M}
If (m, n)i G then the m-th operation is performed just after the N-th operation ends up.
The whole system completiontime: T =H (Tl,T2,2 , Ty )

where H —function determining the complex of operations completion time, dependent
on the complex of operations structure.

T=H(R(wa)FU, )2 F,uy.a,)=Fluu.2 u,.a,82 a,)

HUMAN CAPITAL @ oy
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BASICCONTINUOUSNEARMODELS
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Typical description (2)
State Variable

Continuous case:

ex(t) o State equations: Initial conditions:
State vector: x(t)= E (zl(t)ﬁ dx(t) F(x(t).u(t)), x(t,)
& () () G(x(t).u(t)

Linear case:
% - Ax(t)+ Bult)
y(t)=Cx(t)
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Typical description (4)
Differential Equation

Differential equation:

S m m-1 v-1 0
F%j Y(t),d 5)2 ,dY(t), () (t)’d ggt),z ,du(t),u(t)gzo Initial conditions
c dt™ dt™ dt’ = dt dt e

Linear differential equation:

dmy(t), . d™y(Y) ay(t)

S A g t2 ra— Lt ay(l)= Ly
d u() d"'ut) du(t)

h/ bvl v- +2 +bl dt +b0u(t) initial conditions
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Typical description (6)

Transfer Function

Transfer function: K(S) = J(S)

Continuous case

T

() h,S +h, 42 +blS+b
s"+a,,S" 42 +as+a,’

m2 n

NP

ed™ d™*y(t a e d"ult d”ult %
L g, g o Moo § il Mg oy 0.
u e u

zeros initial conditions

Y(5)s" +a,. " +2 +as+ay)=U(s)bs' +h,.s" +2 +hs+hy)
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Typical description (8)
Impulse Response

Impulse response

Transfer function:

Y(s) u(t)=dft)

K(s

~—
I

U (S) ng '

where:

U(s)=L [dft)] =1

and: dlt) is impulse function.

Impulse response:  k(t)=L Y[K(s)] impulse function
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Typical description (9)
Step Response

Step response

Transfer function: (s) u(t)=1(t)

where:
U(9)=L )=

and: 1(t) is step function.

] ‘K(S)g
Step response: h(t) =L 1§~\>/%
p resp (t) e b

step function
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Basic continuous models

Proportional
y(t) = ku(t)
Transfer function: K(s)=k
Impulse response k (t) = kaft) Step response h(t)=ki(t)
k®) £ )
k=1
o m t N mée s s "t
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Basic continuous models

Proportional
Examples:
_ R

o o t)= t

- =g i)

t
u(t) R, y(t) @Y R,

| | U(s) R+R,
i HUMAN CAPITAL oo Uy of et S
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Basic continuous models

Proportional
Examples:
e L) =1
} I
u(t) %//% y(t) K(s)= Y(s) 1
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Basic continuous models

Integral
% =kut). y(t)= k:fv(t Xz Transfer function K (s) :E
Impulse response k (t) = ka(t) Step response h(t) = kt1(t)
o o

k=1

0 o 1 ID 20 3'0 40 5‘0 E:] 7‘0 B‘D SIO 100
100 t time: t
HUMAN CAPITAL [ .  umorean
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Basic continuous models
Integral

Examples:
o) t
© A Y(t) = % ﬁi(f )df where: C capacitance
0
C— y(t)
o ) K(S):ﬁ_&_i:h where: k==
U(s) s Cs s
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Basic continuous models
Integral

Examples:
u(t)
> 1 t
,LJ'.'I‘H Y(t) = c ﬁJ(f )df where: C area of the tank
AN 0
) K(S)=@ =E where: K =—
U(s) s
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Basic continuous models

Differential
_ . dult) . _
y(t) = S Transfer function K(s)=ks
Doesn’t exist in reality
Impulse response Step response h(t) = kd(t)
A h(‘t) A

A

t)

v

v
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Basic continuous models
Differential

Examples:
u(t)
7 A (t) = Ld:;—gt) where: L inductance
L | ylt)
K(s):ﬁzks where: K=1L
7 ° U(s)
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Basic continuous models
Differential

Examples:
Wt M) o dit) |
> P u(t) = Li? where: L, - inductance
u(t) § g y(t) y(t) =M dil(t) where: M - transformer gear
L, L, dt y
o—— —© K(s):ﬁ:ks where: K = —
u(s)
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Basic continuous models
Inertial — first-order

), ) = -_kK
_K o
Impulse response Iq(t)-?e T1(t) Step response h(t)=k({L- & Ji(t)

) ——

k(t) ©
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Basic continuous models
Inertial — first-order

Examples:

. 1. _
) R U(t) = Rl(t)+6 r0]| (l' )df where: gcrzp::;::::e
o—>{ 19 —o0
N () =L dife)ar
u(t) C— y(t) y C ro]
e o ) =re ™)
K(S) _ Y(S) _ 1 _ k where: T =RC
U(s) RCstl Ts+1 k=1
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Basic continuous models
Inertial — first-order

Examples: U(t)=RNi(t)+LN%(tt)

A R, resistance

y(t) =ai(t)

where: L, inductance

K(S):Y(S): a _ R/v _ k
U(s) Ls+R, Lug,q Ts+l
a L
where: k=E'T:EW
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Basic continuous models
Integral with inertia

t 2 Kk
T% +y(t)= k(ljJ(f Jdar or T dd}[lz(t) + dz&t) = kul(t) K(s)= sTs+1)’ T>0
Impulse response k (t)=k{L- €' at) Step response h(t)=k(t- T{1- e ft)
KO k2 o

. o i’ . , ,
100 0 10 20 30 40 50 60
t T time t
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Basic continuous models
Integral with inertia

Examples:
A
_Y(s)_ Kk
) ) &= 01~ srsra)
y(t)
angle
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Basic continuous models
Integral with inertia

Examples:

momentum e L Q _ _
. . y(t) K(S)_ -

angle
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Basic continuous models
Differential with inertia

dy(t) du(t) ks

T vh)=k =

" +y(t) " K(s) g 170

Impulse response ki(t):$d(t)— T—kze'Tl(t) Step response h(t)=$e“”1(t)
k@) T h(t) ¥
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Basic continuous models
Differential with inertia

Examples: ) = Ri(t)+Ldi(t)

t where: L inductance

CI’—:IT y(t) i} L@ R resistance

R
uft) L Iya) dt
L % +Ryt) = dutt)

+1 Ts+1
R

where: kK=—, T:L
R

R

HUMAN CAPITAL (3 e
i HUMAN — BEST INVESTMENT! w Wroclaw University of Technology o daiacd
Project co-financec m the E

-financed from the EU European Social Fund



r \ . Master programmes in English
Gloeln IR e b ety University of Technology

Basic continuous models
Differential with inertia

Examples:
u(t) = Ri,(t)+ lell—(t) where: L inductance
i(t) ‘M‘ i, (t) dt R resistance
R, ()= di,(t)
() I § g R I =M Cdt where:
u
y(t) M - transformer gear
Ly L, dy(t) _ ., dult)
I Ry(t)+ HT =M at
_Y(s) . Ms
AR i
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Basic continuous models
Inertial — second-order

d’y(t) dylt) _ k
A\, = K(s)= , T,T,>0

T, a2 +(T,+T,) at +y(t) =ku(t) (s) Ms+l)T,s+1) 2 -

Impulse response Step response

k(t)= - - evm )%.(t) T, T h(t):k%— gy T g gl(t) T, T
%1'1-2 - L C T1'T2 T1'T2 - B
0 ~ A a1l O -y Q

k()= kg#—te“” At), T, =T,=T h(t) = kgé- ?a}er—t +165 " git), T, =T, = T
¢ + T
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Basic continuous models
Inertial — second-order

Impulse response Step response

k) -
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Basic continuous models
Inertial — second-order

Example:

) G
=) B k
= K(s) =+ R \ =
$0(t) I S (& s+1f&s+1) (Ts+1)(T,s+1)
aaEs -

where: k = %

y(t)=x(t) C,

T,==

R
C

To=

EUROPEAN
ity of Technology o
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Basic continuous models
Oscillating

kw/

d7y d K =
dt()+2X ”’%Wzy() kw/uft) (s S2+2x BA W
Impulse response Step response
k (t) = ke “sin((ww/l- % ))1(t) h(t) = kgl- \/e‘i sin(ugt +/ )Qul( ),
k (t) = ke " *sin(ugt 1 (t); g Vvi-x ¥

.
><I\)

up = f1- X° ) w, = (Ww/l- X? ),/' = arctg

where:
x - damping ratio, w- natural frequency

X

HUMAN CAPITAL [ e
i HUMA - BEST INVESTMENT! Wroclaw University of Technology o daiacd
Project cc

-financed from the EU European Social Fund



@ Master programmes in English
Wroctaw University of Technology el

at Wroctaw University of Technology

Basic continuous models
Oscillating

Impulse response Step response
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Basic continuous models
Oscillating

Example:
(t) R|(t)+|_di(t)+itﬁ(t)d[ where: L inductance
it ,—|R - dt C, R resistance
1% L W—'D—O .
1! ( ) C capacitance
y(t)=— il
u(t) c — v(t) Co
d*y(t) , e dxt)
o o -C dt? +RC dt (t)=ul)

Y(s) 1

U(s) LCS+RCstl
where: R< 2\/%

A
—
NI

I
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Basic continuous models
Oscillating

Example: o) = ayft)+ b MO 4 @)

dt  dt

Y(s k
q Y(s) Kls)= U((S)) - TS +T,s5+1
T, <2,
G m k=5 =g ey
where:
b b - viscous friction
| d - stiffness
M - mass
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Basic continuous models
Time Delay

y(t) =kult- £,) K(s)=ke %
Impulse responsek (t)=kalt - ¢,) Step response h(t)=Kkift- z,)
0.1 O}
' k=1
Z.0
t ‘ t
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Basic continuous models
Time Delay

Example:
Y(t):u(t' [o)
u(t) v
\Q v where:? =1 time delay
(@ E Q y(t) V -velocity
| -length
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Transfer function

K(s)=

i HUMAN CAPITAL
HUMAN - BEST INVESTMENT!

LYJ—(S) =Ky ()Kyy_1(8)2 K,(s)Ky(s)

Y

N

K(s)= O K, (s)

m=1

@ EUROPEAN
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u(t) y(t)

Feedback system can be described by:

Y(s)=K,(s)¥"(s)
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Transfer function of complex systems (5)

where K,(s) is transfer function of closedloop system

Ko()= e

1+Ke(s)
Ko(s) is transfer function of open-loop system
u(t) y(t)
KP(S): KO(S)KR(S) R KR(S) > KO(S) >

Result transfer function for feedback system is:

K,(s)= :((SS)) - 1-||-< Iiis()s ;isgs)
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u(t) y(t)

Feedback system can be alsodescribed by:

E(s)=K.(s)Y'(s)
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Transfer function of complex systems (7)

where K _(s) is transfer function of control error:

Ke(s):ﬁp(s)

Ko(s) is transfer function of open-loop system

u(t) y(t)
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Thank you for attention
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