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Choose youyself and new technotlogies

L.10. Choice of the best model, probabilistic case
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Choice of the best model,
probabilistic case

 Plant identification with random immeasurable variable

A

u y L
> F (u, a)) >
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Choice of the best model,
probabilistic case

 Problem formulation

Plant characteristic: = Y = F(U, Q)

@, -value of random variable — plant parameter @ (a) ceQQcR L), fw(a))

Y, —value of random variable Y — transformation of variable @

F —invertible function with respect ® : @ = Fajl(u, y)
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Choice of the best model,

probabilistic case

y= F(“»‘”N)

Probability density function Y under condition U=U:

f,(y[u)= fw(Fw‘l(u, y))-\JF\

where ] - oF *(u,y)
F aX —F(u,a),)
U, — value of random variable U, f, (U) , Al >

input U, and output Yy _ are values of the random

variables (U, Y) 4
ueU cR°®, yeY cR*" /—\
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(u,y.),n=12,...,N

are values of random
variables (Q, y
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Choice of the best model,
probabilistic case

Two possible cases

/\

Full a’priori knowledge Incomplete probabilistic information

- joint probability density function

f (u, y) of random variables (g, y) joint probability density function

of random variables (u, y)
exist, but is not known.
Measurements:

(u.,y.),n=12,...,N
are values of (g, X)

or
- conditional probability density

function fy(y\u)

and mrginal probability density function

f(u)

are known
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Full a’priori knowledge

f(u,y)=f,(yju)x f,(u)
Model: ¥ = ®(u)

Performance index: Q(CD):ul’Ey[q(X,CD(g))]: j .[q(y,CD(u))f (u, y)dy du

uy

Optimal model: @ — Q(CI)*): mqin Q(CI))

identification

y= 0} (U) > plant

=
|~

I

CD(M)
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For given input U:

Q,(®(u))= E[QQ’CD(!))\! =ul= [q(y, ®W))f,(yju)dy

o) Q0" (w)-minQ, (o)
For: g(Y,Y)= [y— V]T [y— V]

Performance index:  Q,(®(u))= I;[[y—CID(u)]T ly—@(u)]u= u]z _[[y—d)(u)]T ly =@ (u)]f, (ylu)dy

HUMAN CAPITAL @ oo
i HUMAN - BEST INVESTMENT! Wroclaw University of Technology sl
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology s

at Wroctaw University of Technology

Full a’priori knowledge

 Regression of the | type ¢+’

=0rfu)=ehfu =

7= (1) =E[ylu=ul= [y f(yju)dy
y Y EM”_”'J

v

'
[£3
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Full a’priori knowledge

Example

Joint probability density function of random variables ( )

LRI

L+S

fluy)=@2z) 2z

UU

Y —covariance matrix: X =
zyu

Conditional probability density function:
NPT 1 ]
fy (y‘u) = (27[) 2 ‘zylu i exp{— E(y — My, )T 2ylu (y —My, )}
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Full a’priori knowledge

Example
Covariance matrix Zy‘u : Zy‘u =2 —ZWZUL}ZW
Expected value my‘u : m o = =m +Zyu2uu( )

Optimal model: y:CD*(u)zE[y\gzu]:m =m,+%, 2, (u-m,)
S

yu“~“uu
y=® (u)=Au+b
where: A= ZWZU&

b=m,-X 2, m,
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Full a’priori knowledge

Model: ¥ =®d(u, )
@® -agiven function, @ - vector of model parameters

ueU cR °®, VGY_QR L 8c®cRF®
Performance index:  Q(0)= ul?y[q(z,(b(g, 0))|= I _[q(y, ®(u,8))f (u, y)dydu
s o) mincl)

Optimal model:  Y=®(U,8")
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Full a’priori knowledge

 Regression of the Il type g
y=alu,0)
q(yl y):[y_y]T [y_y] EMgzu’J
= [ [ly—@(u.6) [y-o(u,0)]x | :
x f(u,y)dydu . ¥ g
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Full a’priori knowledge

Is there any relation between the | and the Il type regression ?

O (u)~2~d(u,6)

Performance index:

Q)= E[ly-o(u0)f |- f YJ( u,0)f f(u, y)dydu

Taking: (@ (U)—@"(u)=0) and (U, y)=f,(y|u) f,(u) we have:

Q0)= [ [(y-o"w)+ (0"()- ol O)F £, (o)t o)y cu
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Full a’priori knowledge
Q(H)zquj'(y—CD*(u))zfy(y|u)fu(u)dydu+

+ Zj{j(y ~@" ()@ (u)-D(u, 6’))fy(y|u)dy} f (u)du+

+ [ [ (0" (u)-0(u,0)f 1, (yju)f,(u)dydu=
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Full a’priori knowledge

2| b~ o) 1y (00t
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Full a’priori knowledge

:If(y ®"(u)) f(u,y dydu+j u)-(u,0)f f,(u)du
uy
6" —>m|nQ =min J( f £, (u)du
the | type regression weight function

The Il type regression is the best approximation of the | type regression.

HUMAN CAPITAL (3 e
i HUMA - BEST INVESTMENT! Wroclaw University of Technology o daiacd
Project co

-financed from the EU European Social Fund



@ Master programmes in English
Wroctaw University of Technology s

at Wroctaw University of Technology

Full a’priori knowledge

e

 Relation between

regression of the |
and the Il type

/
I !
u
A fu (U)
/\ |
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Unknown a Priori Knowledge

Joint probability density function of random variables (g, y) exists but is not
known. N

Measurements:

(u,,y,),n=12,...,N are values of (g, y)
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index
Experiment:

For the given: U,output measurement are repeated Ynm.

Consequently:
U,y hm=12..,M,n=12..,N

where:

yn'm'

: y
M, —number of output measurements for a given u,,.

N —number of the different input values
N

N=>» M, —number of measurements
=1

n=
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Estimation of the performance index:

Q,(®(u))= E[Q(X’(D(H))l u=ul= [aly.®u)f,(y|u)dy

foru=u,
Mn

Qu, (@(uy)= > d(Yom, (u,))

m=1

*

CI)Mn (un ) - QuMn ((DT\An (un )): g(lj:])QuMn (CD(Un ))
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

For
a(y,y)=[ly-vy[ly-v]
Performance index:

Q)= Ely- ol ly-oluu=u)- [ly-owl -0l o)

y=@ (U)= E[y\u u] j y\u)
Y
Estimate of | type regression:

_Zynm’ =12,..

nml
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical estimation of the performance index:

Q(6)= El(y-(u.0) |- [f(y=(u.0)f f(uyhiyau

or
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Empirical Probability Density Functions
Unknown parameters of the probability density functions

f(u,y)=f (uy,a)
f, known function, a<€A unknown function parameters
Likelihood function
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Estimate:
aN:\PN(UN’YN) — L(UN’YN'aN):maXL(UN'YN’a)

acA

Q. 0000, oyl )

v, (1)>Q, (@), (1)@, )=minQ,, (o).,

fa(”’ y’aN ) d
f (u,y,ay )dy

y
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Estimate (continued):
For a(y. y)=ly-yT [y-]

o, (0, :_H y,@(u,0))f_(u,y,ey )dydu
uy

g - Q, (6 ay)=minQ, (6,a,)

0O
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Unknown a Priori Knowledge
Empirical Probability Density Functions

X—random variable, probability density function f,(x) exists but is unknown.
Observations:

[X1 Xz"'XN]:XN

pUEN)

h(N)>0, tim h(N)=0, im h"(N)=o0

N —o0 N —o

Parzen’s estimate:
fX(X)z fo (X X

where:

K, —known function, such that:

sup|K, (x) < o0, IK X)dx = 1ﬂ x) dx < oo, lim K, (x) =0
XeX

XH—)oo
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Example h(N)= N~

where: C and o are numbers;

C>O,O<a<l
P
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Examples

L
KX(X)Z {1 dla HXH <1 KX(X)Z (272')_26 Sl ’ KX(X)= ”_Pﬁ /l+‘x(p)‘

0Odl 1 5
2 HXH g A f‘c(r) P
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Joint probability density function of random variables (g,z) , T(u,y)

)i (St Jo U

Probability density function f,(u):

fuy (U )= hsl(N)iK”(uhzl\Lljgj
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Unknown a Priori Knowledge
Empirical Probability Density Functions

and conditional probability fy(yu):

fn (y|u;UN,YN)=

Skl
T S )

HUMAN CAPITAL @ oo
i HUMA - BEST INVESTMENT! Wroclaw University of Technology o daiacd
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology e

at Wroctaw University of Technology

Unknown a Priori Knowledge
Empirical Probability Density Functions

Consequently:

Qu (@)U, Yy )= [aly, @u)f, (yjuuy. Y, )dy

Y

y= @:I (U;U N> TN )_> Qun (@:\] (UaU SN ),U N TN ): rg(ill}) Qun (CD(U),U SN )

For:
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Unknown a Priori Knowledge
Empirical Probability Density Functions

First type regression

y :@; (U;UN YN )= jy ny (y|u;U,\I Y )dy =
Y

_ 1 nl (h(N)]ijK(
" S s )

Under condition for K, (y): K,(y)=K,(-y) we have:
y_yn _
(o
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Unknown a Priori Knowledge
Empirical Probability Density Functions

and first type regression:
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Optimal model:

Qu (H;UN’YN): J- J.q(y,(l)(u,H))fN (Uv y;UN’YN)dydu

el’:l(UN’YN)_) QN(HI’:I’UN’YN):rp;@nQN(e’UN’YN)
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Obiekt w klasie modeli Wybér optymalnego modelu = *
D y =D(u,6y)
€ , Obiekt | ¥» * ( * .
t , _ denyfiacii || Oy — 9):m|n 0
. F(u,@) Y U N = [ul u, Uy ]’ identyfikacji N QN N p QN ( )
&
:n , Yy = [Y1 Y> Yn ] 0. () 9,1] = lPN (U N ’YN )
H «?F!
In yn = F (un ) 0)1 F (.0 41 U N T [Ul u; Uy ]’
i n=1, 2, . N r=rl) v _YN = [yl Yo YN]
S {r=Flus) N Model jest optymalny:
t I Yy =F (U N ,(9) { * dlazadanej serii pomiarowej
3:/ v, 3 df 1. 71 \I=2k0) e przyjetego modelu
7 o=Ftuyyn)=nUnY)| | — ‘ *  przyjetego wskaznika
n § u B jakosci identyfikacji
y i i zL, v, € u €& - ¥
o, z, Metody: .9 y
A Najmniejszych
" y w ~ kwadratow _
= Floo) e ) — wlztsé?:r:r;i]cl
Ic_> A Bayesa
S ' yu Oy =y (U N Wy o
0 = F(u,0,0),
w W =W, ~
y
p, [ G i['.["!gsm)' . y= F(u,gl g))
w| T " : ome Petna informacja Niepetna informacja
Sl ey Gy o g0i0), T ; A Regresja | rodzaju » Estymacja wskaznika jako$ci
A HUMAN CAPITAL | - 157 ~ A Regresjall rodzaju o tymacja parametréw rozktadu
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Thank you for attention
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