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Model in the systems research

Hypothesis

Methods, algorithms:

- Projects

- Management

- Control

- Diagnosis

Review

Effect:

- New knowledge,

- New plant,

- Management rolls,

- New controllers,

-Measurement and 

diagnostic devices.

Identification 

plant

Experiment Data

Investigator

Model Comparison

Adaptation

Goal:

- investigation,

- project,

- management,

- control,

- diagnosis,



Model in the systems research

ÅConceptual models

ÅPhysical models

ÅAnalog models

ÅMathematical models

ÅComputer models



Identification Task

Identification
plant

Identifier

MODEL

Input Output



Identification task

1. Determination of the identification plant 

2. Determination of the class model

3. Experiment organization

4. Determination of the identification 
algorithms

5. Identifiers realization



Typical identification tasks

Exact measurements

DETERMINATION 

OF THE PLANT

PARAMETERS

IDENTIFICATION 

PLANT

Known plant 

characteristics

PLANT IN THE 

CLASS 

OF MODELS

Unknown plant 

characteristics

CHOICE

OF THE 

BEST MODEL 

Noised measurements

PARAMETER

ESTIMATION 

OF THE PLANT

CHARACTERISTIC

Deterministic plant

CHOICE

OF THE 

BEST MODEL 

DETERMINISTIC

PROBLEM

Random plant

CHOICE

OF THE 

BEST MODEL 

PROBABILISTIC 

PROBLEM
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Plant in the class of model
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Obiekt 

identyfikacji 
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Optimalmodel for:
Å Givenmeasurementssequences
Å Klassof models
Å Givenperformance index

 

 

 

 

 

   é é 

 

()ufu  

u  

u  

y  

nu  

ny  

y  

( )uyf y |
 

 

()ufu

u  

u¡ 

u  

yy,  

( )*F= q,uy  

() [ ]uuyuy
y

=E=F= *
 

y  

( )uyf y
¡|  

[ ]uuy
y

¡=E

Full probabilistic knowledge
Á First type regrsesion

Á Second type regression

Unknown probabilostic knowledge
Å Performance index estimatin

Å Parameter estimation of the probability

distribution

Å Probabilit ditribution estimatoin
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Methods:
Á Least square

Á Maximum 

likelihood

Á Bayesôa
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Choice of the best model



Determination of the plant 
parameters(3)

Measurements:  
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Determination of the plant 
parameters(4)

System of equations:

can be written

For

we can rewrite givenset of equations: 

NnuFy nn ,,,),,( 221== q

[ ] ( ) ( ) ( )[ ]qqq ,,, 2121 NN uFuFuFyyy 33 =

( ) ( ) ( )[ ] ( )qqqq ,,,, N

df

N UFuFuFuF =321

( )q,NN UFY =



Choice of the best model
Deterministic problem
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Identification
Plant

Model

Performance 
index

nynu
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Choice of the best model based on 
the noise free measurements

ÅProblem formulation

Performance index: () ()
NUNNN YYQ qq -=

where: () ( ) ( ) ( )[ ]qqqq ,,, 21 N
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e. g. :



Choice of the best model based on 
the noise free measurements

ÅProblem formulation

Optimal model: ),( *

Nuy qF=

 

identification 

plant 

 

 

 
 

 
 

The model is optimalfor:
Å given measurement sequence
Å proposed model 
Å performance index

( ) ()qqq
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NNNN QQ min** =



Neuron model simplification
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Multilayer network 
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Plant parameter estimation 
problem 

 

Immeasurable 

random  

parameter 

input 

 

output 

 

Measurement 

noise 

Result of 

measurements 

 

Parameter  

estimate 

Identification  

plant 

 

 
Measurement 

system 

 

 

Estimation 

algorithm 

 
 

 



Noised measurements of the 
physical values 

ÅProblem formulation
Measurement noise:

nz ςvalue of random variable        from the space

()zfz

q
RRÌQÍqq,

()qqf

Measurements: [ ]NN vvvV 321=

z Z

ςprobability density function

ςobserved vector of parameters, value of random variable 

ςprobability density function

 

  

 

 
  



Noised measurements of the 
physical values 

General form of estimation algorithm:

ÅSolution:

ïLeast square method

ïMaximum likelihood method

ïBayesianmethod

( )NNN VY=q



Plant parameter estimation 
problem 

ÅDeterministic plant, noised measurements of the plant output

 

 
 

 
 

 

 

 

 

where:

[ ]NN uuuU 321=

[ ]NN wwwW 321=

NY ςestimationalgorithm

Nq ςestimateof q



Plant parameter estimation 
problem 

Å Immeasurable random plant parameter

 
 

 
 

 

 

 

where:
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[ ]NN yyyY 321=

NY ςestimationalgorithm

Nq ςestimateof q
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arevaluesof random
variables

 

 
  

 



Choice of the best model, 
probabilistic case

Two possible cases

Cǳƭƭ ŀΩǇǊƛƻǊƛ ƪƴƻǿƭŜŘƎŜIncomplete probabilistic information

- joint probability density function 
of random variables ( )yuf ,

or
- conditional probability density 
function

and mrginalprobability density function

are known

( )uyf y

()ufu

joint probability density function 
of random variables 
exist, but is not known.
Measurements:

are values of 

( )yu,

( ) Nnyu nn ,,2,1,, 2=

( )yu,

( )yu,



Cǳƭƭ ŀΩǇǊƛƻǊƛ ƪƴƻǿƭŜŘƎŜ

ÅRegression of the I type
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Cǳƭƭ ŀΩǇǊƛƻǊƛ ƪƴƻǿƭŜŘƎŜ

ÅRegression of the II type
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Cǳƭƭ ŀΩǇǊƛƻǊƛ ƪƴƻǿƭŜŘƎŜ

() () ( )( ) ()ñ F-F=*

U

duufuuQ u

2* ,minmin qqq
qq

() ()( ) ( ) () ( )( ) ()ñññ F-F+F-=
UU Y

duufuududyyufuyQ u

2*2* ,, qq

the I type regression weight function

The II type regressionis the bestapproximationof the I type regression.



Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index

Empirical Probability Density Functions

Unknown parameters of the probability density functions

Empirical Probability Density Functions

Non parametric ςParzenestimation

u

wy,



Complexsystemsdescription

()1
1u

1O 3O

2O

()1
1y

()2
1y

()1
3u

()1
2u

()2
2u

()2
3u

()1
3y

()1
2y

()2
2y

()1x

()2x
()3v

()2v

()1v

Exampleof complexsystem



Complexsystemsidentification
problems

ÅIdentificationwith restrictedmeasurements
posibilities

ÅLocaland globalidentification

ÅMultistageidentification

ÅCompleksof operationsystems



Identification of complex systems with 
restricted measurement possibilities

The following examples show the problem.  

 
Cascade structure of two elements  

 

For the above case the system description has the form:  
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Choice of the best model of 
complex system

ÅLocally optimal model of complex system 
()1
1y

( )111 ,quF
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Choice of the best model of 
complex system

ÅGlobally optimal model of complex system 
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()1v
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¢ǿƻ ǎǘŀƎŜ ƛŘŜƴǘƛŦƛŎŀǘƛƻƴ ŀƴŘ ƛǘΩǎ 
applications

 

First stage 
identification plant 

y  

1q 

1u  

2u  

Mu  

1-Mq  

Second stage 
identification plant 

2q 

M-th stage 
identification plant 
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¢ǿƻ ǎǘŀƎŜ ƛŘŜƴǘƛŦƛŎŀǘƛƻƴ ŀƴŘ ƛǘΩǎ 
applications

identification 

plant on the     

1-st stage

21nny

identification 

algorithm on the 

1-st stage

identification 

plant on the     

2-nd stage

identification 

algorithm on the 

2-nd stage

22nq

211 nNq

211 nnu

22nu

22Nq

identification 

algorithm on the 

2-nd stage

22nu

22Nq

identification 

plant on the     

1-st stage

21nny

identification 

algorithm on the 

1-st stage

21nq 211 nNq

211 nnu

measurement system

identification 

plant on the     

2-nd stage

Twostageidentification

Å Space decomposition
Å Time decomposition



Identification of complex of 
operations
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( ) ,,,2,1,, MmauFT mmmm 2== ( )MTTTHT ,,, 21 2=

H ςfunctiondeterminingthe total runtime of complexof operation

MFFF ,,, 21 2 ςknownfunctions

Maaa ,,, 21 2 ςunknownparameters



Basic optimization taskformulation

Decisionvariables:
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Objectivefunction: )(xFy=

Set of feasibledecisions(commonlydefinedby variablesdomainand constraints):

xx DÍ

Optimizationtask: ),(min)( xFxFx
xx DÍ

**

*
= *x ςoptimaldecision

( ))(max)(min xFxF --=



General classification of 
optimization tasks

Unconstrainedoptimization: S

x RD =

Optimizationunder equalityconstraints:

{ }SLxxxx L

S

x ¢===Í= ,0)(,,0)(,0)(: 21 jjj 2RD

0)( =xj

)1(x

)2(x

Optimizationunder inequalityconstraints:

{ }0)(,,0)(,0)(: 21 ¢¢¢Í= xxxx M

S

x yyy 2RD

)1(x

)2(x 0)(1 ¢xy

0)(2 ¢xy

0)(3 ¢xy



Analytical methods

ÅUnconstrained optimization

ÅLagrange multipliers method ςequality 
constraints

ÅKuhn-Tucker conditions ςinequality 
constraints



Unconstrained optimization

Optimizationtask: )(min)( xFxFx
xx DÍ

**

*
=

Assumption:            is continuous and differentiable.)(xF

Necessary condition for     to be local minima:*x Sx xF 0)( =Ð *

If           is convex function, then above equation is sufficient conditionfor to be 

global minima.

)(xF *x

F

x



Optimization under equality 
constraints

Optimizationtask: )(min)( xFxFx
xx DÍ

**

*
=

{ }SLxxxx L

S

x ¢===Í= ,0)(,,0)(,0)(: 21 jjj 2RD

0)(1 =xj

)1(x

)2(x

xD
*x



Optimization under equality 
constraints

ÅThe method of Lagrange multipliers
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Necessary conditions of optimality:
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Optimization under inequality 
constraints

Optimizationtask: )(min)( xFxFx
xx DÍ
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*
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Optimization under inequality constraints
Kuhn-Tucker  conditions

Necessary conditions of optimality:

Lagrange function:
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If solution is regular



Optimization under inequality constraints Kuhn ςTucker rolls

Regularity Conditions
1. Karlin: constraints - linear () () ()xxx Myyy ,,, 21 2

2. Slater: constraints - convex functions and feasible set is 
not empty

() () ()xxx Myyy ,,, 21 2

3.Fiacco ςMac Cormica:  in the optimal point gradients of all active constraints are linear 
independent, i.e.:

are linear independent() () *=

** ÐÍ"
xxmx xxIm y

4. Zangwil: )()( ** = xDxD
5. Kuhna ς¢ǳŎƪŜǊΩŀ: for each direction                           there exists regular curve starting in 
the point          tangent to that direction

)( *Í xd D
*x

() [ ]1,0,)( Í$Í" * JJexd D
()

() [ ]
()

d
d

de

De

xe

x

Ö=¶

Í"Í¶

=¶

=

*

t
J

J

JJ

J 0

1,0

0 ()

()

()

()ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

=

J

J

J

J

Se

e

e

e
4

2

1

)1(x

)2(x

1 2()Je

d

ù
ú

ø
é
ê

è
=*

0

1
x

Irregular solution



Saddle point

43
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Numerical optimization methods
ὼᶻᴼὊὼᶻ ÍÉÎ

ᶰ
Ὂὼ

Analytical methods has drawbacks, 
when:
1. TÈÅÇÏÁÌÆÕÎÃÔÉÏÎὊand constraints 
•ȟare nonlinear.

2. Functions Ὂ, •and are non-
differentiable

3. Mathematical formula describing 
functions Ὂ, •and is not available, 
ƛǘ Ŏŀƴ ƻƴƭȅ ōŜ αƳŜŀǎǳǊŜŘέ 

4. Large dimension of decision variables 
vector



Algorithm
ὼ ɰὼ ȟὼ

Å Choice of the search 
direction.

Å Line search optimization.
Å Stopping conditions.

Numerical optimization methods

ὼȟὼȟȣȟὼȟȣȟὼ ὼᶻ

Ὂὼ Ὂὼ ȣ Ὂὼ ȣ Ὂὼ Ὂὼᶻ



Choice of the searchdirection

Å Basis of search directions ς
non-gradient methods.

Å Search directions based on 
gradient vectors ςgradient-
based methods.



Line search optimization
ὼςinitial solution
ὼςnext solution
Ὠςsearch direction
†ςstep size

†ᶻᴼὪ†ᶻ ÍÉÎὪ†

line search optimization ḳoptimization of a single variable function

†ᶻᴼὊὼ †ᶻὨ ÍÉÎὊὼ †Ὠ

ὼȟὨςfixed

Ὂὼ †ὨḯὪ†

Ὢ†ςa single variable function 
(of the step size †)



Reducing the interval of uncertainty
Assumption: †ᶻᶰὥȟὦ



Splitting the section into two parts
Ὢ ȩὪ

Ὢ Ὢ
ὥ ḧ ὥ
ὦ ḧ

Ὢ Ὢ
ὥ ḧ
ὦ ḧὦ



Dichotomous search method


ρ

ς
ὥ ὦ 

 ὥ ὦ  ὔ ȩ

Input data:ὥȟὦȟ‐ȟ
Step 0:       ὲ π

Step 1:        ὥ ὦ 


ρ

ς
ὥ ὦ 

Step 2:       If Ὢ Ὢ then
ὥ ḧ ὥȟὦ ḧ,
otherwise
ὥ ḧ ȟὦ ḧὦ.

Step 3:       If ὦ ὥ ‐then
ὲḧὲ ρ, goto 1,
otherwise

ǿ† ὥ ὦ (STOP)



The golden section method

  ρ π

 πȢφρψὔ ȩ

Input data:ὥȟὦȟ‐ȟ

Step 0:      ὲ π
 ὦ ὥ ὦ
 ὥ ὦ ὥ

Step 1:      If ὦ ὥ ʀ, then

ǿ† ὥ ὦ (STOP)

otherwisego to 2
Step 2:      IfὪ Ὢ then

ὥ ḧ ὥȟὦ ḧ,
 ḧ ȟ ḧ ὥ ὦ
ὲḧὲ ρ, go to 1
otherwise
ὥ ḧ ȟὦ ḧὦ,
 ḧ ȟ ḧ ὦ 
ὲḧὲ ρ, go to 1



Quadratic-fit line search method
ὥ ὦ ὧ
Ὢὥ Ὢὦ
Ὢὦ Ὢὧ

ή†ςquadratic-fit function
†ᶻ- minimum of the function ή†

ή†
Ὢὥ † ὦ † ὧ

ὥ ὦ ὥ ὧ

Ὢὦ † ὥ † ὧ

ὦ ὥ ὦ ὧ

Ὢὧ † ὥ † ὦ

ὧ ὥ ὦ ὧ

†ᶻ
ρ

ς

Ὢὥ ὦ ὧ Ὢὦ ὧ ὥ Ὢὧ ὥ ὦ

Ὢὥ ὦ ὧ Ὢὦ ὧ ὥ Ὢὧ ὥ ὦ



Line search using derivatives
† † Ὢ ὸ  πȟ†

ÌÉÍ
ᴼ
   Њ

e.g. † † ‐ (STOP) 

†
† † Ὢ †
† † Ὢ † † Ὢ † Ὢ †
† † Ὢ † Ễ † Ὢ † Ὢ † Ễ Ὢ †

† † ȿ Ὢ † ȿ  Ὢ † ÍÁØὪ † 

† †  Њ



Line search using sign of derivatives

† † ὪὲὫὭί †

Ὢ † Ὢ † ίzὭὫὲὪ † †ᴂὪὲὫὭί , where  Ὢ †

 π

ÌÉÍ
ᴼ
 π, becauseÌÉÍ

ᴼ
Ὢ † πȟÌÉÍ

ᴼ
 

 Њ ÌÉÍ
ᴼ
 ÌÉÍ

ᴼ
Ὢ † π



Bolzano method
ίὭὫὲὥ ίὭὫὲὦ

ίὭὫὲὪ ὥ ίὭὫὲὪ
ρ

ς
ὥ ὦ

ὥ ḧ
ρ

ς
ὥ ὦ

ὦ ḧὦ

Ὢ
ρ

ς
ὥ ὦ π

ǿ†ḧ
ρ

ς
ὥ ὦ

ίὭὫὲὪ ὦ

ίὭὫὲὪ
ρ

ς
ὥ ὦ

ὥ ḧὥ

ὦ ḧ
ρ

ς
ὥ ὦ



bŜǿǘƻƴΩǎmethod
†

† †
Ὢ †

Ὢ †
† † ‐(STOP)

Ὢ† Ὢ† † † Ὢ †
ρ

ς
† † Ὢ † π † †

ή†

ή† Ὢ † †ᶻ † Ὢ † π †ᶻ †
Ὢᴂ†

Ὢᴂᴂ†



Method of Hookeand Jeveeswith 
discretesteps

†ςstep size
 ρexploratorystep size
ᶰ πȟρ accelerationfactor
†ḧ†



Method of Rosenbrockwith discrete
steps

†ςstep size
 ρςexploratorystep size
acceleration
ᶰ ρȟπςacceleration
factor
†ḧ†
†ḧ†



Method of Hookeand Jeevesusing line 
searches



Method of Rosenbrockusing line 
searches


